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Abstract 



The field equations for both generic bosonic and generic locally 
supersymmetric 2D dilatonic gravity theories in the absence of matter 
are written as free differential algebras. This constitutes a generaliza- 
tion of the gauge theoretic formulation. Moreover, it is shown that 

the condition of free differential algebra can be used to obtain the 

■ 

■ equations in the locally supersymmetric case. Using this formulation, 
. the general solution of the field equations is found in the language of 

differential forms. The relation with the ordinary formulation and the 
OO ' coupling to supersymmetric conformal matter are also studied. 

ON ' 

1 Introduction 

r-| ! Low-dimensional models of gravity play an important role in present-day the- 

oretical physics due to the complexity of four-dimensional gravity. They are 
used to investigate the consequences of general covariance or local supersym- 
metry in a simpler setting. In two dimensions, although pure gravity is triv- 
ial, there are some models that include an additional field which have some 
properties analogous to the ones arising in four- dimensional general relativ- 
ity, a fact that may be used to try to answer some fundamental problems also 
present in the four-dimensional case. For instance, black hole formation and 
evaporation can be studied using dilatonic type models of two-dimensional 
gravity such as the string-inspired dilatonic gravity (also known as CGHS 
model 0). 

The CGHS model is not the only one that has been studied. Other 
interesting models are the Jackiw-Teiteiboim model || and the more realistic, 
although less simple, spherically symmetric reduction of four-dimensional 
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gravity. In fact, by using appropriate conformal redefinitions of the metric, 
it is always possible to write the action of a generic first-order model of 2D 
dilaton gravity conformally coupled to matter in the form [H 



S = Sx\f^g 



ri>) VCD -\d»fd,f 



where / is a matter field (only one is considered for simplicity), and V(rj) is 
an arbitrary potential term. The CGHS model is obtained when V = 4A 2 (for 
constant A), the Jackiw-Teitelboim model corresponds to V — 4X 2 rj and for 
the spherically symmetric reduction of four dimensional gravity V oc --=. The 

case of the model with an exponential potential (V = 4A 2 e /3?? , for constant 
(3) has also been considered [|]. 

The study of the consequences of general covariance in two-dimensional 
theories has been extended to the locally supersymmetric case. This gives in- 
formation not only about supergravity itself, but also about the consequences 
its presence may have in the bosonic part of the theory, such as positivity of 



the energy [El |6|]. The generalization of (LI) to the locally supersymmetric 
case was given in || using the superfield formulation of f7j, which shows that, 
as in the bosonic case, field redefinitions can be found that cast the action 



in a standard form which is the superfield generalization of (|1 . 1| ) . A further 



generalization also in the superfield context that relaxes the usual torsion 
constraints has been given in ||. However, this paper is mainly concerned 
with an alternative formulation based on free differential algebras, as will be 
explained in what follows. 

The pure dilaton gravity part {i.e. in the absence of matter) of the CGHS 
and Jackiw-Teitelboim models can be given a gauge theoretic interpretation, 
in which the starting points are the two-dimensional extended Poincare and 
de Sitter algebras respectively. Given a Lie algebra Q with commutators 

[T ai T b ] = C c ab T c , (1.2) 

where a = 1, r = dimQ, the gauge field 

A = A a T a (1.3) 

and a scalar L with values in the dual of the above algebra, i.e. 

L = Va T a , T a (T b )=5 a b (1.4) 
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are introduced. Then a gauge invariant action for these fields is given by 

1= I L(F(A))= f rj a F a , (1.5) 

JM JM 

where j\A is the two-dimensional spacetime and F(A) is the curvature of the 
connection A, F(A) = dA + A A A. Indeed, under a gauge transformation of 
the connection A the curvature transforms under the adjoint representation 
of the superalgebra ( |1.2|) . The action ( |1.5|) is then invariant under the gauge 
transformations of the connection A provided that L transforms under the 
coadjoint representation of the algebra. Note that the Lie algebra does not 
have to admit a non-degenerate invariant inner product but, if it does, (|1.5| ) 
may be replaced by the integral of < L, F >, < , > being the inner product 
symbol, where now L is an algebra-valued quantity. The field equations of 
the theory are 

F(A) = , (dA a = -~C2 c A b AA c ) , d Va + C c ab A b Vc = . (1.6) 

It is clear from these that the scalar field L is a Lagrange multiplier that 
imposes the zero curvature condition for the connection A. Suitable choices 
for Lie algebras lead to theories with action ( |1.5|) that can be interpreted as 
two-dimensional gravities. 

The CGHS model has been constructed out of two different Lie alge- 
bras. In |J, the Poincare algebra with generators M (Lorentz generator) 
and {P a ; a = 1,2} (translations), and commutators 

[M,P a }=e b a P b , [P a ,P b ]=0 , (1.7) 

was used. The Levi-Civita symbol e ab is defined here by e 01 = 1, and the 
indices are raised and lowered using the Minkowski metric r] ab ; the spacetime 
signature has been chosen to be (— , +). The same definition applies to the 
corresponding Levi-Civita symbol with space-time indices e Miy , where eoi is 
therefore equal to —1. The formulation based on (|1.7| ) had some problems 
that were naturally solved in [|H| by starting from a central extension of 
this algebra instead. This implies introducing a central generator /. The 
non- vanishing commutators of the new algebra are 

[M, P a ] = e b a P b , [P a , P b ] = -e ab I . (1.8) 
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It was shown in [|TTJ that the Jackiw-Teitelboim model may be formulated 
as a theory based on the de Sitter algebra with generators {M, P a ; a — 1, 2} 
and commutators 



[M, P a ] = e b a P b , [P a , P b ] = -Ae ab M , (1.9) 

where A is a constant. Supersymmetric extensions of these algebras have 
been studied JT2], and they lead, by using the Z 2 -graded version of the 
procedure just explained, to supergravity theories. In particular it is known 
that the algebra (|1.7| ) admits a (p,q) supersymmetric extension, the algebra 
( |1.8|) admits two different N=l supersymmetric extensions and the algebra 
( |1.9| ) admits a unique (1,1) extension. 

The above construction can be reinterpreted in the more general setting 
of free differential algebras (FDA). A free differential algebra [|l4| generated 
by the differential forms G™ 4 , where rii is the degree of the form, is a mapping 
>-> dGT defined by 

dGT = Y. E af-^Gj? A . . . A (f* , (1.10) 

n n >l...n jr >l 

where o^ 1 "' 3r are in general functions of the zero-forms (G"" such that n« = 
0), in such a way that by virtue of Leibniz's rule and the expressions for 
dG™ 1 themselves, d{dG^ i ) is identically zero (i.e. vanishes without using any 
algebraic relation between the forms G 1 ^ ) . Analogously, it is possible to define 
Z 2 -graded free differential algebras for which eq. ( |1.10| ) remains the same, 
the only difference being that now G™< A G™ J = (-l) ni ^(-l)^'G^ A , 
where the extra factor (— l) a » a J (not present in the bosonic case) takes into 
account the Z 2 parities of G™ ; and G™ J (a, and otj respectively). As shown 
before, associated to every Lie algebra it is possible to construct a FDA by 
demanding that the curvatures in (|1.6| ) vanish, and the same can be said 
of superalgebras and Z 2 -graded FDAs. Adding the E-L equations for the 
Lagrange multipliers, a larger FDA is obtained. From this point of view, 
the equations of CGHS and Jackiw-Teitelboim models can be written as 
a FDA that has a subalgebra that corresponds to a finite-dimensional Lie 
algebra. For instance, eqs. (|1.6|) in the Jackiw-Teitelboim case are (the 
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exterior product symbol A will be omitted from now on) 



de a + e a b ue b = 

du - -e ab e a e b = . 

2 (1.11) 

dr] + 7] a e a b e b = 

dr]a - r) h e b a uj + rik<i ab e h = 

where A = e a p a + u>M, and e a = e^dx^, u> = uj^dx^ give the zweibein and 
spin connection respectively. 

One of the points of the article is to show that the family of models (|1 . 1| ) 
(and its generalization to the locally supersymmetric case) can be given a 
free differential algebraic formulation that does not correspond in general to 
a finite-dimensional Lie (super) algebra. However, the models still have an 
interpretation in terms of symmetries and as the dual of an infinite dimen- 
sional Lie (super) algebra. Moreover, this approach also provides an alterna- 
tive method to obtain the locally supersymmetric generalization of ( |1 . 1|) . It 
is convenient to note here that an approach to generic 2D dilatonic gravities 



different from that of FDAs is provided by the Poisson sigma models of [15 

The other main point to be presented here is the following. Once the field 
equations of both dilatonic gravity and dilatonic supergravity are written as 
free differential algebras containing one-forms and zero-forms, it is possible to 
find their general solution in the differential form language (for the solution 
of in a specific gauge see, for instance, |16|])- The search for the general 
solution without fixing the gauge may be motivated by the fact that in the 
bosonic case its knowledge has been used to prove that the corresponding 
models in the presence of conformal matter can be related by a canonical 
transformation to a theory of free fields with the constraints of a certain 



string theory [17]. It might happen that something similar is possible in the 
context of supergravity theories and superstrings. 

The organization of the paper is as follows. Section 2 is devoted to the 
bosonic case. There, the FDA corresponding to a generic dilatonic gravity 
model will be given, and its group theoretical meaning will be explained. 
The section ends with the derivation of the general solution using the FDA 
structure of the equations. In section 3, the locally supersymmetric case is 
studied. This will include the generalization of the bosonic FDA of the pre- 
vious section, its relation with the ordinary formulation, the general solution 
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(which in this case has some peculiarities) and the coupling of the models to 
conformal matter by using Noether's method. Finally, there is a section that 
contains the conclusions and outlook. 



2 The generic bosonic case 

The FDA given by 

de a + e a b ue b = 

du-^e b e ab = (21) 

dr) + r] a e a b e b = 

dr]b + Ve ab e a - e a b ur] a = 

obviously does not have a subalgebra that can be derived from a finite- 
dimensional Lie algebra when V'(rf) T^const., although generalizes ( |1 . 1 1| ) 
(V = Arj there). Furthermore, ( |2.1|) are the Euler-Lagrange (E-L) equations 
of the Lagrangian two-form 

L = r )a (de a + e a b ue b )+r l du-je ab e a e b , (2.2) 

which is equivalent to the Lagrangian density ( |1 . 1| ) in the absence of matter. 
The equivalence is proved by solving for u and r) a , 



Va = -e b a e b d^r] , 
^ M = e~ l e pu dpe a v e atl 



(2.3) 



where e = det(e^) = y/—g {g^u = e ^ e ^afe), and then substituting them into 
( |2.2|) to obtain an action that only depends on r/ and e*. In doing so, the 
relations L = L^dx^ A dx v = e tlu L flu d 2 x = Cd 2 x and e^d^uiy = eR are used. 
Actually, substituting some E-L equations directly into the action does not 
necessarily mean that the equations obtained from the resulting action are 
the same as the ones obtained by making the substitution in the remaining E- 
L equations. However, this does happen in this case because the substituted 
fields (r] a , u>) are precisely the ones the equations of which are used (u and 
r] a respectively). This fact also guarantees that u> and r] a can be substituted 



into the symmetry transformation laws. On the other hand, eqs. ( pTT ) can 
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be obtained from ( |1.11| ) by letting A depend on 77 and demanding that the 
result is still a FDA (this procedure will be explained in more detail in the 
locally supersymmetric case). 

The case V =constant deserves a comment. It corresponds to the CGHS 
action, but it does not correspond to the gauge formulation of the CGHS 
model given in because, by equation ( |1.8|) , this formulation contains a 
field (the one corresponding to the central generator /), which is not included 
in ( [2.1|) . If V is taken to be a constant in (|2.1| ), the free differential algebra 
obtained is one that does have a subalgebra dual to a Lie algebra (the one 
considered in ||), but that does not correspond to a Lagrangian of the form 

(PD- 

Although for a general V the FDA formulation is not the gauge theoretic 
formulation that corresponds to a finite-dimensional Lie algebra, it is still 
possible to work out the gauge symmetries of the FDA (PTT|). A way to do 
that is to write 5e a = dE a + F a , 5u = dVt + G, where E a and £1 are the 
gauge parameters, and then fix both the a priori unknown one-forms F a , G, 
and the zero forms 5rj, 8rj a in such a way that the FDA is stable under the 
variations. The result is 

5e a = dE a - e a b Qe b + e a b E b uj 

5uj = dn + V'e ab E a e b 

Sr) = -v a e a b E 

5r ]a = -Ve ba E b + e b a n Vb . 

An interesting feature of these variations is that the action (|2.2| ) is only 
quasi- invariant {i.e. invariant up to the differential of a one- form) when V is 
not proportional to 77. In the case V = A77, these symmetries are the gauge 
transformations of the connections associated to the de Sitter algebra, as can 
be seen by computing the commutator of two such transformations. If this 
is done in general, say, for two E transformations, the following is obtained: 

[S E , SeV = -e a b e b (V'e cd E c E' d ) , 

[5 E , 5e>]u = d(V'e ab E a E' b ) - V" e ab E a E ,b (drj + r, c e c d e d ) . 

Note that unless V" = the algebra only closes over the space of solutions. 
Another characteristic that is due to the departure from the gauge formula- 
tion is that, even when the field equations are taken into account, 

[8e,Se>] = 8n=v>e ab E*E> b » ( 2 - 6 ) 



(2-4) 
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which means that, with the exception of the case V =const., the group of 
transformations that leave the FDA (|2.1|) invariant is intrinsically gauge (the 
commutator of two E rigid transformations gives a gauge Q transformation). 
Alternatively, it may be said that ( |2.6|) reflects the fact that the "structure 
constants" depend on the field rj and are therefore not constant. This can be 



seen by computing the (vector space) dual of (2.1), for which the following 



elementary differential geometry relations can be used: 

df(X)=X.f , a(X,Y) = X.a(Y) -Y.a(X) - a([X,Y}) , (2.7) 

where a is a one-form, X, Y are vector fields and / is a function. Now, since 
e a (P b ) = e a (M) = = u(P a ) and u(M) = 1, O lead to 



P a (v) = -Vbe b a , P a (Vb) = -Ve 



ah 



M( V ) = , M( Va )=e b a 7 lb , (2.8) 
[Pa,P b } = -V'e ab M , [M,P a } = e b a P t 



The first two lines of (|2.8|) mean that M and P a are the vector fields that 



generate the transformation Srj, 5r] a of (|2.4j ), which in the case V" = is the 
coadjoint representation on the coalgebra of the corresponding Lie algebra. 
The last line can be viewed as an infinite-dimensional Lie algebra one of 
its generators is V'M. The commutator of this generator gives, by virtue 
of Leibniz's rule and (|2.8|) , new ones that are products of M and P a by 
functions of n and r\ a . These in turn produce new generators and so on. The 
end result is in general an algebra with an infinite number of generators. The 
Lie algebras that arise here should not be identified with the non-linear ones 



studied in |Tj]. 



An advantage of writing the field equations as in (|2.1|) is that the general 
solution can be easily obtained in the language of differential forms. The way 
to do it is to solve for rj in terms of r\ a instead of solving for n a in terms of 
rj (as it was done in (|2.3|)), so that the solution depends on the pair of free 
functions r/ a . More explicitly, from the equations for dn and drj a it is easy to 
deduce that 

± v a ri a + J=C , (2.9) 

where J(rj) is defined by J' = V and the constant C is related to the ADM 
energy |19[| . This expression gives implicitly rj in terms of r] a . Next, the 
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equation for drj a can be rewritten as 

1 



V 



(rj a u - e ba d^ t 



(2.10) 



If this equation is then substituted into those of de a and du, one equation 
involving u and rj a is found: 



d 



u 1 ( 1 D 
V + 2 \V[C-J] + 



ab 



C-J. 



Vadr] b 







(2.11) 



where D is another constant. Equations ( |2.11 ), ( |2. 10| ) and ( |2.9| ) constitute 
the solution of (|2.1| ), of the form r\ = rj(r) a , g), co — u}(r/ a , g) and e a = e a (r] b , g), 
where g is another free function which comes from integration of ( |2.11| ). 
Therefore, the number of free functions equals the number of gauge symme- 
tries. Of course, this solution is by construction consistent with ( f2.3[ ). The 
possibility V = may be avoided by considering only functions of r] that 
are always different from zero except possibly when r] = and excluding the 
points x for which r](x) = from the spacetime manifold (see, for instance, 
1P0[| ). The presence of C — J in the denominator is related to the fact that 
the spacetime points where it vanishes can usually be interpreted as a black 
hole horizon. 



3 Generic 2D supergravities 

Before considering the locally supersymmetric case, it is necessary to fix some 
conventions, which are the following. Spinors are taken to be real and two 
dimensional (they belong to the vector space of the reducible (1,1) spinorial 
representation of the Poincare group in two dimensions); correspondingly 
the gamma matrices are real. In terms of e ab , the matrix 73 is given by 
7 3 = |e a h7 a 7 b . From this, it is possible to deduce some useful relations: 

^ u e b ^e cu = ee bc , e afe e^e^ = ee^ , 7373 = 1 , 7 a 7 3 = e a b ^ h , 

(3.1) 

and the Fierz reordering 

\$ = -A7V7& - + 7^73^73 (3.2) 



9 



for any two spinors A, ip. The following realization of the gamma matrices 
will be used (underlined indices are flat space indices): 

As announced in the introduction, the generalization to the locally su- 
persymmetric case of fl2.1|) will be obtained from the FDA that leads to the 
super symmetric Jackiw-Teitelboim model, which is the graded de Sitter Lie 
superalgebra OSP(l,l|l) [|T2J. The field equations for the latter define the 
free differential algebra 

de a + e a b ue b + 2iipj a ifj = 
dw - 2m 2 e ab e a e b + Aim^^) = 

dip + -uj^tp + me a 7 a '0 = 

dr]a ~ Vb£ b a u + 4mVe 6a + imxiaip = 

dr) + V a e a b e b + ~X1^ = 

dx + me a ^ a x + ^73X + 4r/ a 7 a ^ + %mr]^ = 

from which the Lie superalgebra can be immediately recovered by duality 
(A = e a P a + u>M + if) a Q a , and Q a are the supersymmetry generators). Next, 
the parameter m is taken to be a function of r\. If this is done in the action 
the E-L equations of which are (|3.4j ), a new term proportional to x^la^ has 
to appear in the equation for duo. The result is, however, not a free differen- 
tial algebra because computing dd for each form and equating the result to 
zero would give extra algebraic relations between the forms. To convert the 
algebra into a free one, the terms proportional to m are substituted by terms 
of the same form but multiplied by unknown functions of ry. On the other 
hand, the first equation of ( |3.4| ) should remain unaltered because it gives the 
usual torsion corresponding to u. Then, imposing that dde a = identically, 
makes it necessary to add a term proportional to e ab e a e b x m th e equation for 
d<p, which has to come from another one in the Lagrangian two-form propor- 
tional to e ab e a ebXX- This term introduces new ones in the equations of drj a 
and duj. The requirement dd = 0, when applied to the other equations, fixes 
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(3.4) 



the arbitrary functions of r\ giving the result 



(3.5) 



de a + e a b ue b + 2#7> = 

duj - 2{uu')' e ab e a e b + 4iu'ipy 3 ip + iu'xe a ^ a 'P + tfu" e ab e a e b xx = 

lo 

dip + ~uy 3 ip + u'e a j a iP + -u"e ab e a e bX = 

Z o 

dr) a - r] b e b a u + Auu'e b e ba + iu'xia^ ~ oU"e ba e b xx = 

o 

dr] + r] a e a b e b + ~xi^ = 

dx + u'e a ~f a x + ^7 3 x + 4r? a 7> + 8^73^ = , 

where u(rj) is an arbitrary function. In fact, these relations are the Euler- 
Lagrange equations derived from the Lagrangian two-form 

L = r] a (de a + e a b ue b + 2i^ a ^) + rjduo - 2uu'e ab e a e b + Uwfatfj) 

1 iu" ( 3 - 6 ) 

+ iu'xe a -f a ^ + ix(di> + ^^73^) + -r^^ e a e b xx ■ 

Note that the Ads case is recovered when u = mr\. It is now simple to 
look for the local supersymmetry transformations under which this algebra 
is invariant (the Lagrangian two-form is then in general quasi- invariant, as 
it happened in the bosonic case). The comments made about the bosonic 
symmetries ( |2.4j ), as well as the way to obtain them, also apply here. The 
transformation rule for ip has to be of the form Sip = de + a, where e is the 
infinitesimal parameter of the transformation and a is a one-form that can be 
determined by substituting this expression into the third equation of ( |3.5| ), 
and demanding that the terms containing de cancel. Moreover, this condition 
may be used to obtain the form of the variation for the remaining one-forms. 
Having done that, it may be checked that the Lagrangian two- form is indeed 
quasi-invariant under the variation, except when u = mrj, in which case it 
is strictly invariant. The following local supersymmetry transformations are 
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obtained: 



5e a = 




5i/j = 


de + ~u)~/ 3 e + u'e a j a e 


5u = 


—8iu'ej 3 ip — iu"ey a xe 


dr] = 




Sr]a = 


-iu'xrfat 


$X = 


-8M 73 e - 4r7 a7 a e . 



(3.7) 



An immediate consequence of (|3.7|) is that the model with u oc y/rj is yet 
another supersymmetrization of the CGHS model, different from the ones 
considered in [12|. Specifically, the transformation rule for ijj is Sip = de + 
\uj^e + c-^=e a 7 a e, where c is a constant, in contrast with the two cases of 



for which either there is no e a -y a e term or there is a term of the form 
(1 — 7s)e a 7 a e times a constant. 

As explained in the previous section, to connect this formulation with the 
ordinary one the standard procedure is to write all the forms and scalars on 
space-time (e a = e^dx^, uj = ou^dx 11 , if) = ifj^dx^) and then to solve for r] a in 
the fourth equation of ( |3.5|) to obtain 

Va = -e h a e%d^ - -X73^<e b a (3.8) 
and use the first equation of (|3.5| ) to determine uj^ in terms of e a ^ and ip^ as 

Up = e-h pu dpe a u e ail + 2ze" V^ p7/ ^ = u> M + 2^- V^ p7/ ^ (3.9) 

where is the torsion-free spin connection. These two equations are then 
used to substitute r] a and to both into the action and into the local super- 
symmetry transformations. The ordinary Lagrangian is obtained from the 
Lagrangian two-form as in the bosonic case, and is given by 

C sg = eRr] + Aeuu' + Uue^ip^ 3 ip v + iu' e"* 'e a u xiai>v + ie^xD^ 



ieu" 



3 -XX - A m e{D^ lv r + VluD^) + 2exi^uVl^ v , 

(3.10) 

where use is made of the fact that e^d^ojy = eR, and D M is the covariant 
derivative with respect to the spin connection u) M : D^ip v = d^ip u + \u^ip u , 
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and similarly for other spinors. This is the locally supersymmetric version of 
(|1.1|) , which coincides, apart from conventions, with the superfield formula- 
tion of 0, once the appropriate field redefinitions are used to get K($) = 
and </($) = there. Note that, when u" ^ 0, it is possible to solve the 
algebraic equation for x, which gives a Lagrangian density independent of x- 
The local supersymmetry transformations are 

5el = 4z^ 7 a e 

Sijjft = D^e + u'e a ^ a e - ty f n i $ v 'f l 'e 

(3-11) 

OV = ~^X^ e 

Sx = -8u7 3 e + 4<9 M rn M 7 3 e + ^Xl^^lz^ ■ 

The general solution of the field equations written as a Z 2 -graded free dif- 
ferential algebra can be found by using the same procedure as in the bosonic 
case, although there are a few differences. First, it is easy to check, by using 
the last three equations of (|3.5|), that 



h n - r}a + 2u 2 - l -u'xx = C , (3.12) 

(cf. eq. ( |2.9| )) where C is a constant. This expression defines implicitly rj 
in terms of r] a and x- The last equation in (|3.5|) can be used to obtain ip 
in terms of e a , oj, rf and X- Multiplying it by r/ a '-f a + 2^73 and then using 
( |3.12|) , the following equation is obtained: 



( Val a + 2u l3 )Vx + (8C + iu'xx)^ = , (3.13) 

where 

Vx-=dx + u'e a laX + -^7sX ■ (3-14) 

In some cases, this equation does not determine ip because it is not possible 
to divide by the factor 8C+iu'xx- This happens when C is a grassmann even 
number without an ordinary number part (i.e., when the 'body' of C is zero), 
and when C — 0. The first case will not be considered because finding the 
solution implies having to separate the components of C in terms of its com- 
ponents in a basis of the Grassmann algebra, and the use of non-commuting 
numbers is just a device motivated by the anticommuting character of the 
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corresponding quantum operators and does not have a physical meaning by 
itself. However, the C = case still has to be considered, and it will be 
dealt with at the end of the section. In the other cases, eq. ( |3.13D can be 
solved without using the Grassmann algebra structure, and the result can 
be substituted into the fourth equation of (|3.5| ), which in turn gives e a as 
an expression involving u, if and %■ Once the expressions for 77, ip and e a 
are known, they can be substituted into the first three equations of (|3.5|) . 
They all give the same equation for uj (this is something that can be deduced 
from the integrability conditions of the last three equations of (|3.5| )), so it is 
possible to write the solution in terms of rf and X- The result is given by 
( |3~T2D plus 



^ 8C 



1 " 8C U '* X 



(rj a7 a + 2m 73 )Vx 



Auu - l -u"xx + -^j{u') 2 uxx 



-1 









16C 



UXX 



e ca dr) c 



in 



+ 



4 i u" 
uu' 8 (uu') 2 ^ 



+ 



U) 



D 



uu'[C-2u 2 ] C-2u 2 

2 



u 



+ 1 



16u[C-2u 2 } \u(u') 2 
( 1 2u 
\2Chi 




iu 



XX 



8[C-2u 2 ] 
e ab Vadr] b 



^) Xlsdx - -^VaXJ a dx} = , 



(3.15) 

where D is another constant. Note that there are five arbitrary functions: rj a , 
X and the one that comes from the integration of the last equation in (|3.15|) . 
This number coincides with the number of gauge symmetries of the FDA. Of 
course, a gauge fixing greatly simplifies this expression but, as stated before, 
it may be important to control the gauge degrees of freedom. 

The C = case 



When C = 0, eq. ( |3.13|) may in principle be solved for the components 
of if) in a basis of the underlying Grassmann algebra, although it is not 
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completely determined due to the fact that the body of XX is zero. This is 
not desirable from the point of view of the quantum theory, so it is convenient 
to restrict the space of solutions to those which can be expressed in terms 
of the fields themselves and not their components. This means that to solve 
( |3.13|) XX^ h as to vanish. Then it makes sense to try a solution of the form 
if) = jdXi where \x is an one-form to be determined. Indeed, it can be checked, 
following the same procedure as in the C ^ case, that (D, D' are constants) 



u a 
lQu* eVaX ' 



(Ann* - l -u"xx) (V a u - e ba d Vb ) , 



ri a ri a + Au - -u'xx = , 
4 % v! 



(3.16) 



uu 



(UU 



f\2 



/ I u 

+ 1+ 16^ X 




u 



+ D')xx 



u 2 \ 32 (uu') 2 

e ab ri a dA = 



together with V% = and r] a j a x + 2^73% = 0, provides a solution of the 
FDA (p|) when C = 0. 

However, ( |3.16| ) is not the only solution (this is not surprising, since it 
is expected that the solution includes two arbitrary functions to account for 
local supersymmetry) . If ifj , e a , u> , 77 is a solution, the set ijj' , e a , u, rj with 
ijj' = if) + ax + XXC is also a solution provided a is a closed one-form and and 
( obeys r] a ^ a C, + 2W73C = and VC = 0. The final result is therefore ( |3.16| ) 
except for the first equation, which takes the form 



u 



16w : 



:e a r]aX + &X + XXC 



(3.17) 



Both x an d C have to satisfy the same system of equations, with e a ,u>, 77 
given in (|3.16|) . Explicitly, writing £ to denote either the spinor or the spino- 
rial one-form, 

'd + ~u~/ 3 + u'e a j a ^j C = , 

( Val a + 2u^ = . ( 3 - 18 ) 
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The solution given in ( |3.16| ) is, as far as the bosonic fields is concerned, equal 
to the solution of the theory without fermions plus some corrections propor- 
tional to XX- These corrections are irrelevant when solving ( |3.18| ), due to 
the presence of XX multiplying the equations ( |3.18|) when £ = ( (see (|3.17|) ) 



and to the presence of x itself when £ = x-> because expressions involving 
the product of three x spinors vanish. By virtue of the second and last 
equation in ( |T7|) , solving the equations is the same as, given a bosonic field 
configuration, looking for values of the supersymmetry parameter e(x) such 
that supersymmetry is preserved. These particular values of e(x) receive the 
name of Killing spinors. Not every configuration admits Killing spinors, but 
it turns out that those with C = do, and in fact these are the only con- 
figurations that are solutions of the field equations in the absence of matter 
and have Killing spinors (as can easily be seen by computing the square of 
the matrix in the second equation of ( |3.18D ). To find the explicit expression 
of the solution of ( |3.18| ), it is convenient to define 77^ = 770 + rji, rj= = r/o — r\\ 

( e R \ 

(underlined indices correspond to flat space indices) and write x — I j 
in the basis corresponding to (|3~3"|). The solution may then be written 

d(i^r l/2 e Ji ) = o , e = ^e . (3.19) 



In this way, the closed form a of (|3.17|) gives a free function, and the first 



equation of Q3.19Q , when applied to £, gives another one. Hence, the number 
of free functions is five as expected. 

The coupling to conformal matter 

When studying the physical consequences of 2D models, such as black 
hole formation and evaporation, it is necessary to add matter fields. For this 
reason it may be interesting to do it in the supersymmetric case, providing 
explicit expressions in components. The next thing to do is therefore to 
couple these locally supersymmetric dilatonic gravity models to conformal 
matter. Here, this will be done by using the Noether method, although the 
same result can be easily obtained using superfields. The starting point is 
the flat space, rigid (1,1) supersymmetry invariant matter Lagrangian 

C m = ~rTd li fd v f + ^fd li X , (3.20) 



16 



where the first term corresponds in curved space to the usual conformal 
matter Lagrangian, and the spinorial term makes it supersymmetric for the 
rigid variation 

5f = ieX 

3.21 

The curved space version of ( |3.20|) (which is the one needed to couple it to 
(|3.10p) is obviously not invariant under the variations (|3.21|) when they are 



written in curved space and the parameter e is made space-time dependent. 
There are terms in the variation that come from the variation of and 
there are also terms proportional to D^e that would also appear even in flat 
space because the variation is now local. The latter can be cancelled by 
adding to the action terms that involve ifi^. They can be seen to be equal to 
A\C = ied fl fi(} u "f tl 'y u \. Among the other terms, plus the new ones coming 
from the variation of A\C, there are some that contain D^X. These can 
be cancelled by adding a new piece to the variation of A: 5'X = 2iX r ip^e. 
The new variation contains terms involving D^e, which means that the term 
A 2 C = —^y^^f^yXX must be added to the action. The process stops here, 
because at this point the complete variation vanishes up to a total derivative. 
The resulting Lagrangian density is then 



C = C sg - -egTdpfdvf + i-X-fDpX + ied^-f-fX - -^Y^XX , 

(3.22) 

and the local variation of the matter fields is given by 

5f = ieX 

6\ = -2d fl f>fe + 2i\il> li 'fe . 

Due to the fact that the matter multiplet is the one corresponding to 
a conformally coupled matter field /, the coupling of matter to the locally 
supersymmetric models is exactly the same as that for the pure Poincare 
case. If a coupling of the form eh{ri)g^ v d^fd u f was added (an interesting 
case, corresponding to a scalar field in four dimensions is V oc -j=, h(rj) oc rj), 
both the variation of the matter fields and the matter Lagrangian density 
itself would have to involve the field Xi because Sr] = — |x73 e - However, it is 
not immediate how to apply the Noether method in this case, and superspace 
methods would presumably be more appropriate here. 
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4 Conclusions and outlook 



This paper shows that a generic two-dimensional dilatonic gravity theory in 
the absence of matter can be expressed as a free differential algebra. This 
has several consequences. First, there is room for a symmetry interpretation 
which generalizes that of the gauge theoretic formulation. Second, it provides 
a method for obtaining the general solution in terms of differential forms in 
both the bosonic and the locally supersymmetric case. Third, it provides an 
alternative method to obtain the generic supergravity Lagrangians. 

It is still to be investigated how the free functions appearing in the solu- 
tions obtained relate to the different gauge fixings. This will be important 
when the programme of relating the dilatonic theories to free field theories 
is carried out for the locally supersymmetric case. In that context, having a 
general solution of the starting models in the absence of matter might help to 
find the new canonical variables, or to prove that they exist. Another point 
to be analyzed is whether it is possible to couple the models to matter while 
maintaining the symmetries of the free differential algebras, as was done in 
mT for the CGHS model. 



The author would like to thank J. A. de Azcarraga, J. Negro, J. Navarro- 
Salas, G. Papadopoulos and P.K. Townsend for useful discussions. 
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